In 1911, Toeplitz made a conjecture asserting that every Jordan curve in R 2 contains four points forming the corners of a square. Here Conjecture C is presented, which states that the side length of the largest square on a closed curve that consists of edges of an n × n grid is at least 1/ √ 2 times the side length of the largest axisaligned square contained inside the curve. Conjecture C implies Toeplitz' conjecture and is verified computationally for n ≤ 13.
Conjecture T, listed as [1, Problem B2] , is still open, but many partial results have been obtained. Already in 1913, Emch [2] proved that if the Jordan curve is the boundary of a convex set and sufficiently smooth, then Toeplitz' conjecture is true. In 1916, Emch [3] proved Toeplitz' conjecture for a much larger class of Jordan curves, which in particular includes the polygons. We shall not describe the many interesting further partial results here, but recommend the recent survey paper [4] by Matschke, both for its contents and its extensive list of references.
In this note a conjecture first stated in [8] is considered. Conjecture C asserts that the side length of the largest square on a closed curve that consists of edges of an n × n grid-the vertices and edges of which form an (n + 1) × (n + 1) grid graphis at least 1/ √ 2 times the side length of the largest axis-aligned square contained inside the curve. It is shown that Conjecture C implies Toeplitz' conjecture. Some evidence is further provided for Conjecture C by carrying out a computational study for small n.
The note is organized as follows. In Sect. 2, Conjecture C is considered and some useful results are derived. In Sect. 3, an algorithm used to obtain computational evidence for Conjecture C is presented. The algorithm is applied to the cases n ≤ 13, for which Conjecture C turns out to hold. Some concluding remarks are finally given in Sect. 4.
Conjecture C
We denote the family of all Jordan curves in R 2 by J . We further denote by J the family of finite Jordan curves that are composed only of segments with endpoints (x, y) and (x + 1, y) or (x, y) and (x, y + 1), where x and y are integers. From here on, any curve considered is assumed to belong to J , unless otherwise mentioned.
For a curve J , we define i(J ) as the side length of a largest open square with horizontal and vertical sides that is contained in the bounded component of R 2 \ J , and o(J ) as the side length of a smallest closed square of the aforementioned type that contains J . Figure 1 illustrates these definitions through a curve J in the 9 × 9 grid. Here i(J ) = 6 and the (unique) square corresponding to i(J ) is colored gray. The largest inscribed square has side length 6/ √ 2 and is drawn with a dashed line. Moreover, o(J ) = 9, and one square corresponding to o(J ) overlaps exactly with the displayed 9 × 9 grid.
We shall now make a formal statement of Conjecture C.
Conjecture C A Jordan curve J ∈ J contains four points of the integer lattice that form the corners of a square of side length at least i(J )/ √ 2.
In the even case, i(J ) = 2m, the side length is at least m √ 2. In the odd case, i(J ) = 2m + 1, the side length is at least m 2 + (m + 1) 2 , which is the smallest distance greater than or equal to (2m + 1)/ √ 2 that can occur between points in an integer lattice. Proof Consider a Jordan curve J ∈ J . Many well-known proofs for the Jordan Curve Theorem include a lemma asserting that any Jordan curve J ∈ J can be approximated arbitrarily well with polygons with respect to, say, the Hausdorff metric d H . Such a proof can be found in, for example, [7] . Polygons can, in turn, be approximated with scaled versions of curves in J . Thus, there exists a sequence of curves in J :
. . converges to J , where J n /n is the curve J n scaled by a factor of 1/n.
Let S n on J n /n be a square with side length at least i(J n /n)/ √ 2 as guaranteed by Conjecture C. A simple compactness argument shows that there must be a sequence n 1 < n 2 < n 3 < · · · such that S n 1 , S n 2 , S n 3 , . . . converges to a square S. Since each corner S n i is in J n i /n i , which converges to J , it follows that each corner of S is on J .
Furthermore, since i(J n /n) converges toward i(J ), the side length of S is at least i(J )/ √ 2. In particular, since i(J )/ √ 2 > 0, the side length is greater than zero, and S is not degenerate.
We know by [3] that some four points of a curve J ∈ J are the corners of a square, but they need not be lattice points. We will now show that the corners of the square can be chosen as lattice points. This result will be very useful for the computer work to be discussed in Sect. 3.
Theorem 2 At least one inscribed square of maximum size on a curve J ∈ J has all four corners on lattice points.
Proof It suffices to show that for any square on J , there is a square on the lattice points of J whose side length is not smaller. Let the corners of a square on J (in anticlockwise order) be A, B, C, D, where A = (x 0 , y 0 ) is a leftmost one (and a lowest one if AD is vertical). Then the other three corners can be represented as
By the definition of J , each of the four corners A, B, C, D has at least one integral coordinate. Assume that three out the four corners-w.l.o.g., A, B, C-have an integral second coordinate. Now y 0 , a, and b are all integers, whereby y 0 + a, the second coordinate of D, is also an integer. A translation through adding x 0 − x 0 (which is less than 1) to the first coordinate of all four corners now gives a square that has all corners on lattice points and on J .
We are now left with the case of two corners with the first coordinate integral and two corners with the second coordinate integral. This gives us two subcases to consider: The two corners with integral first coordinates are (i) adjacent or (ii) nonadjacent.
In case (i), we can assume w.l.o.g. that the first two corners correspond to A and B, and the last two correspond to C and D. Now x 0 , x 0 + a, y 0 − b + a, and y 0 + a are integers, whereby (x 0 + a) − x 0 = a and y 0 + a − (y 0 + a − b) = b are also integers. Furthermore, x 0 and y 0 are integers, and thus all four corners are lattice points. In case (ii), the first two corners correspond to A and C, and one finds that the square can be continuously rotated, with the corners following J , until they simultaneously become lattice points. (The square changes its size during that process of course). One can rotate clockwise or counterclockwise, and one of these directions will result in an increase of the size of the square. In more detail, rotating the square in this way corresponds to adding (0, δ), (−δ, 0), (0, −δ), and (δ, 0) to A, B, C, and D, respectively, for some δ ∈ R. Since x 0 , y 0 − b, x 0 + a + b, and y 0 + a are integers, setting δ = b − b for clockwise rotation or δ = b − b for anticlockwise rotation moves the corners of the square to lattice points.
The Computation
As a preamble to the description of the computer work, we present a theorem that, in addition to the obvious symmetries in the problem, gives a significant speedup in the computations. In the following, we denote the side length of the largest square having its corners on J by s(J ).
Theorem 3 If a curve J has a chord AB of length 1, with A and B lattice points, then J is not a counterexample to Conjecture C of minimal length.
Proof We will use proof by contradiction. Assume J to be a counterexample to Conjecture C of minimal length, with a chord of length 1. Conjecture C asserts that s(J ) ≥ i(J )/ √ 2, so for a counterexample, we have s(J ) < i(J )/ √ 2. To give a contradiction on the minimality of J , it suffices to find a shorter J for which s(J ) ≤ s(J ) and i(J ) ≥ i(J ). We consider two cases.
(i) The line segment AB is an inner chord. As the open segment AB is contained in the bounded component of R 2 \ J , it follows that J \ {A, B} has two components, C 1 and C 2 . By adding AB to C 1 and C 2 we get two Jordan curves J 1 and J 2 , respectively, both of which are shorter than J . Since the open segment AB does not contain lattice points, the lattice points of J 1 and J 2 all belong to J , and by Theorem 2 we have s(J 1 ), s(J 2 ) ≤ s(J ). If a square attaining i(J ) contains the open segment AB, then the side length of the square is 1 and i(J 1 ) = i(J 2 ) = i(J ) = 1, which contradicts the minimality of J . On the other hand, if it does not contain AB, then it is contained in either R 2 \ J 1 or R 2 \ J 2 . Without loss of generality, it is included in the former, and i(J 1 ) = i(J ). Now J 1 is a counterexample to Conjecture C, contradicting the minimality of J .
(ii) The line segment AB is an outer chord. We proceed as in (i) and choose J 1 so that the bounded component of R 2 \ J 1 contains the bounded component of R 2 \ J ; thereby i(J 1 ) ≥ i(J ). Since the lattice points of J 1 are all on J , s(J 1 ) ≤ s(J ). Hence, J 1 is a counterexample to C, shorter than J ; once again a contradiction to the minimality of J .
In the computations for an n × n grid, we consider an (n + 1) × (n + 1) grid graph. In the framework of graph theory, we use the term cycle instead of closed curve. Our aim is to construct all chordless cycles J that are counterexamples to Conjecture C. This can be done with depth-first search and appropriate pruning rules. If no counterexamples are found, the conjecture has been verified for the given value of n = o(J ). The subtasks of computing i(J ) and s(J ) for a given J are straightforward.
In the depth-first search, we first choose one vertex v of the grid graph as a starting point and then try to build a cycle in all possible ways. The following pruning rules were used:
-If a chord is created, then the search can be pruned.
-Symmetry is taken into account via the automorphism group of the grid graph-the dihedral group of order 8-and translation, i.e., moving the cycle along the axes. -With some order defined on the vertices of the grid graph, the starting point v is required to be the smallest vertex in the cycle. -If the cycle cannot be completed without creating a chord at some later stage, then the search can be pruned. -Let I be an upper bound on i(J ), and S a lower bound on s(J ). If S ≥ I/ √ 2, then no counterexample can be found by completing the cycle, and the search can be pruned.
With this algorithm and these pruning rules, the cases n ≤ 13 could be settled using less than 30 core-years of CPU-time on a cluster of computers with Intel Core i7 870 processors. It turns out that there are no counterexamples to Conjecture C for n ≤ 13. For 8 ≤ n ≤ 13, many cycles are found for which the conjecture is sharp, that is, the side length of the largest square is exactly i(J )/ √ 2. Examples of such cycles are shown in Fig. 2 .
No counterexamples were found by searching a tiny fraction of the search space for the case n = 14. Completing the case n = 14 with the current algorithm would require more than 1000 core-years of CPU-time.
The method and its implementation were partially validated by listing all chordless cycles J for which o(J ) ≤ 8 and s(J ) < (3/2)i(J )/ √ 2 and then comparing these with the output of a simple brute force method. It turns out that there are 327 812 equivalence classes of such cycles, where equivalence is defined as above via the dihedral group and translation. 
Final Remarks
The computational approach in this paper is to exhaustively verify Conjecture C for n × n grids for as large values of n as possible. An alternative approach for larger values of n is to carry out (a multitude of) partial searches. Such an approach can obviously be successful only if Conjecture C does not hold and if one is lucky to find a counterexample.
The paper [5] contains a result that might allow one to carry the exhaustive verification further: Conjecture T holds for any curve J ∈ J that is contained in the annulus with radii 1 and 1 + √ 2. Furthermore, some square with corners on such a curve J has side length at least √ 2. Another consequence of this result is that if one chooses J 0 as a curve with the shape of a square-that is, i(J 0 ) = o(J 0 ) = n-one gets a positive answer to a natural question related to Conjecture C: If U is the closed 1-neighborhood of J 0 in the space of all curves J ∈ J , with the Hausdorff metric derived from the norm on R 2 given by max{|x|, |y|}, does Conjecture C hold in U ? The positive answer holds for all values of n, but we have not been able to find a simpler proof of that and have to rely on [5] .
It should be noted that Conjecture C is probably not sharp for curves J for which i(J ) ≤ 4. For example, it is relatively easy to show that if i(J ) = 2, then s(J ) ≥ 2 (details omitted).
Let us finally mention another feature of our approach, in addition to its possible heuristic value; it may encourage someone to try the time-tested method of induction on Conjecture T (via Conjecture C).
